Introduction
In [8] , Maulik and Okounkov develop a general theory connecting quantum groups and equivariant quantum cohomology of Nakajima quiver varieties, see [12, 13] . In particular, in [8] the operators of quantum multiplication by divisors are described. As is well known, these operators determine the equivariant quantum differential equation of a quiver variety. In this paper we apply this description to the cotangent bundles of the gl partial flag varieties and construct hypergeometric solutions of the associated equivariant quantum differential equation. Studying solutions of the quantum differential equation may lead to better understanding of Gromov-Witten invariants of the cotangent bundle of a partial flag variety, c.f. Givental's study of the J-function in [3] [4] [5] .
The existence of solutions of the quantum differential equation as hypergeometric integrals manifests the Landau-Ginzburg mirror symmetry for the cotangent bundle of a partial flag variety. One may think that the logarithm of the master function is the Landau-Ginzburg potential of the mirror dual object. In particular, one may expect that the algebra of functions on the critical set of the master function Φ( · ; ; ; ) is isomorphic to the corresponding localization of the equivariant quantum cohomology algebra of the cotangent bundle of a partial flag variety, see subsection 7.4 and similar statements for Bethe algebras in [10, 11] .
To construct the hypergeometric solutions of the quantum differential equation we glue together several known pieces of information. The first step of our construction is to identify the quantum differential equation in [8] with the dynamical differential equation in [19] . To this end, we use the identification, done in [15] , of two Yangian module structures on the equivariant cohomology algebra of the cotangent bundle of a partial flag variety, the first one described in [8] and the second one introduced in [6] . The next step is the identification of the dynamical differential equation with the trigonometric KZ equation, see [19] . And finally, we employ the construction in [7] of the hypergeometric solutions of the trigonometric KZ equation.
The trigonometric KZ differential equation and trigonometric dynamical differential equation come in pairs with compatible difference equations. The trigonometric KZ differential equation is compatible with the rational dynamical difference equation introduced in [18] . The trigonometric dynamical differential equation is compatible with the rational KZ difference equation, as shown in [19] . Under the (gl N gl )-duality, the pair consisting of the trigonometric KZ differential equation and rational dynamical difference equation is identified with the pair consisting of the trigonometric dynamical differential equation and rational KZ difference equation, see [19] . Under the identification of the trigonometric dynamical differential equation with the equivariant quantum differential equation of [1] , the rational KZ difference operators are identified with the shift operators of [8] , see also [1] .
It was shown in [7] , that the hypergeometric solutions for the trigonometric KZ differential equation also satisfy the difference dynamical equation. By using all of the above identifications, we conclude that the hypergeometric solutions (1) of the equivariant quantum differential equation give also flat sections of the difference connection defined by the shift operators of [8] on the equivariant quantum cohomology of the cotangent bundle of a partial gl flag variety.
As shown in [17, 22] , the KZ equation has solutions in the form of multidimensional -hypergeometric integrals. These -hypergeometric integrals are expected to satisfy the compatible dynamical differential equation. That will imply that the quantum differential equation of [8] has solutions in the form of multidimensional -hypergeometric integrals. See an example of such solutions in [6, Section 8.4] . We plan to develop these -hypergeometric solutions of the quantum differential equation in a separate paper.
The paper is organized as follows. In Section 2 we describe equivariant cohomology of the cotangent bundle of a partial flag variety. In Section 3 we introduce the Yangian Y (gl N ) and its generalization Y (gl N ). In Sections 4 and 5 we review relevant information from [6, 8, 15] . The dualities between various differential and difference equations from [19] are recalled in Section 6. In Section 7 we describe the hypergeometric solutions of the trigonometric KZ equation from [8] and transform them into the hypergeometric solutions of the quantum differential equation.
Cotangent bundles of partial flag varieties

Partial flag varieties
Fix natural numbers N . Let λ ∈ Z N 0 , |λ| = λ 1 + · · · + λ N = . Consider the partial flag variety F λ parametrizing chains of subspaces 
where F is the span of the standard basis vectors ∈ C with ∈ I 1 ∪ · · · ∪ I . We embed F λ in T * F λ as the zero section and consider the points I as points of T * F λ .
Equivariant cohomology
Denote G = GL (C) × C × . Let A ⊂ GL (C) be the torus of diagonal matrices. Denote by T = A × C × the subgroup of G. The groups A ⊂ GL act on C and hence on T * F λ . Let the group C × act on T * F λ by multiplication in each fiber. We denote by − its C × -weight.
We consider the equivariant cohomology algebras H * T (T * F λ ; C) and 
Example.
is naturally isomorphic to C N ⊗ C[ 1 ; ] with basis = (0 0 1 0 0), = 1 N.
The Yangian Y (gl N ) is the unital associative algebra with generators T 
Algebra Y (gl N )
In this section we follow [6, Section 3.3] . In formulas of that section we replace with − .
where in formulas (2) and (3) we have = {1 }, = {1 − 1 + 1}. The coefficients of the series E ( ) F ( )
In what follows we will describe actions of the algebra Y (gl N ) by using series (2) and (3).
Y (gl
where the factors of C N ⊗ (C N ) ⊗ are labeled by 0 1 and P ( ) is the permutation of the -th and -th factors. The operator L( ) is a polynomial in with values in End
. Here the right-hand side of (4) is a series in −1 with
Y (gl N )-action on H * T (X ) according to [15]
We define the Y (gl N )-action ρ on H * T (X ) by formulas (5)- (7) below. We define ρ(A ( )) :
where
These formulas define a Y (gl N )-module structure on H * T (X ), see [6, Theorem 5.10] . This Y (gl N )-module structure was denoted in [6] by ρ − and in [6] is replaced with − .
In [8] , a Yangian module structure on H * T (X ) was introduced. 
Dynamical Hamiltonians and quantum multiplication 4.1. Dynamical Hamiltonians
Assume that
The elements X X ∞ , = 1 N, are called the dynamical Hamiltonians.
pairwise commute, hence, define a flat connection ∇ κ for any Y (gl N )-module, see [6] . The connection ∇ λ κ defined by
where ε λ = for λ λ , and ε λ = for λ < λ , and therefore is also flat for any κ.
Connection (8) is called the trigonometric dynamical connection. It was introduced in [19] , see also [9, Appendix B] . Later the definition was extended from sl N to other simple Lie algebras in [21] under the name of the trigonometric Casimir connection. The trigonometric dynamical connection is defined over C N with coordinates 1 N and has singularities at the union of the diagonals = .
Quantum multiplication by divisors on H * T (T * F λ )
In [8] , the quantum multiplication by divisors on H *
Theorem 4.1 ([8, Theorem 10.2.1]).
For = 1 N, the quantum multiplication by D is given by the formula
where C is a scalar operator on H * T (T * F λ ) fixed by the requirement that the purely quantum part of D * annihilates the identity 1 λ .
Corollary 4.2 ([15, Corollary 7.8]).
For = 1 N, the operator D * of quantum multiplication by D on H * T (T * F λ ) equals the action ρ(X λ ) on H *
where κ ∈ C × is a parameter of the connection, see [1] . By Corollary 4.2, we have
We denote by M λ ⊂ M the weight subspace of weight λ.
We consider C N as the standard vector representation of gl N with basis
be the weight decomposition. The vectors ( I ) I∈I λ form a basis of V λ . As always, we denote by ( ) the action of on the -th tensor factor of V , so that acts on V itself as 
To obtain the lemma we replace with − in [6, Lemma 4.17].
KZ difference connection
Consider the difference operators K κ 1 K κ acting on (C N ) ⊗ -valued functions of , 5 ([19] ).
The commuting difference operators K . The weight functions are
In these formulas for a function ( 1 ) of some variables we denote 
Weight functions W σ I
For σ ∈ S and I ∈ I λ , we define
, we define ( I ) by replacing ( ) with =1 I . Denote
Stable envelope map
Following [15] , we define the weight function map
where W id I (Θ; ; ) is the polynomial W id I ( ; ; ) in which variables ( ) are replaced with θ and W id I (Θ; ; ) is the cohomology class represented by W id I (Θ; ; ). Denote
Observe that λ (Θ) is the equivariant Euler class of the bundle N−1 =1 Hom(F F ) if we make C × act on it with weight − . Note that λ (Θ) is not a zero-divisor in H * T (X ), because none of its fixed point restrictions is zero.
Theorem 5.1 ([15, Theorem 4.1]).
For any λ and any I ∈ I λ , the cohomology class
By using this theorem we define the stable envelope map
The stable envelope maps are main objects in [8] . The stable envelope maps are defined in [8] in terms of the torus T action on X . Relation (12) gives a formula for the stable envelope map in terms of the Chern roots Θ .
As we know, formula (4) defines the Y (gl N )-module structure φ on V ⊗ C[ ; ], and (5)-(7) define the Y (gl N )-module structure ρ on H * T (X ).
Theorem 5.2 ([15, Theorem 6.3]).
The stable envelope map Stab id : V ⊗ C[ ; ] → H * T (X ) is a homomorphism of Y (gl N )-modules.
The inverse map
For I ∈ I λ , introduce ξ I ∈ (C N ) ⊗ ⊗ C( ; ) by the formula 
The difference connection on H * T (T * F λ )
By Theorem 4.5, the difference operators
The difference operators form the rational KZ difference connection on H * T (T * F λ ). This difference connection is discussed in [8] under the name of the shift operators.
Four more connections
In the remainder of this paper we fix λ ∈ Z N 0 , |λ| = .
Trigonometric dynamical connection on π V λ
Consider C with coordinates = ( 1 ) and C N with coordinates = ( 1 N ). Consider the trivial bundle
Following [19] and [9, Appendix B], introduce dynamical Hamiltonians
acting on the V λ -valued functions of . By formula (10), we have
For κ ∈ C × , the differential operators
pairwise commute and define a flat connection ∇ V λ κ on π V λ , see [19] .
Rational KZ difference connection on π V λ
Let
Theorem 6.1 ([2] ). 6.2 ([19]) .
The commuting difference operators K
κ define the rational KZ difference connection on π V λ . Theorem 6.2 says that the rational KZ difference connection commutes with the trigonometric dynamical connection ∇ V λ κ .
Relations between flat sections Lemma 6.3.
Let κ ∈ C × .
is a flat section of the connection φ(∇ λ κ ).
(ii) Assume that F ( ; ) ∈ V λ is a flat section of the difference connection defined by the operators K (15) . Then F ( ; ; ) is a flat section of the difference connection defined by the operators K κ 1 K κ in (11) .
Proof. Part (i) follows from formulas (9) and (13) . Part (ii) follows from formulas for the operators K V λ −κ/ and K κ . is a flat section of the quantum connection ∇ quant λ κ ; resp. of the difference connection defined by the operators
The first statement follows from Corollary 4.2. The second statement of obvious.
Trigonometric KZ connection on W λ
Consider the Lie algebra gl . For ∈ Z 0 , we denote by W ( ) the irreducible gl -module with highest weight ( 0 0) and highest weight vector . For given λ = (λ 1 λ N ), |λ| = λ 1 + · · · + λ N = , we consider the gl -module N =1 W ( ) λ . We denote by W λ the weight subspace of N =1 W ( ) λ of gl -weight (1 1). We consider the trivial bundle π W λ : W λ × C +N → C +N .
The differential operators define on π W λ a flat connection ∇ W λ κ called the trigonometric KZ connection.
Rational dynamical difference connection on π W λ
For any = 1 , = , introduce a series B ( ) depending on a variable ,
The series acts on any finite-dimensional gl -module W . For κ ∈ C × , introduce the operators K 
Equivalence of connections on π V λ and π W λ
For I = (I 1 I N ) ∈ I λ , define a vector I ∈ W λ by the formula
where means that we exclude from the product the factor 11 if 1 ∈ I . The map µ : W λ → V λ , I → I , is a vector isomorphism, see for example [19] . 6 ([19, Theorem 5.8]) . 
The vector isomorphism µ identifies the action of operators ∇
V λ κ 1 ∇ V λ κ , K V λ κ 1 K V λ κ with the action of operators ∇ W λ κ 1 …, ∇ W λ κ , Q 1 K W λ κ 1 Q K W λ κ , respectively, where Q = 1 < − − 1 − κ − + 1 − κ < − + 1 − − 1 Corollary 6.7. If a W λ -valued function F W ( ; ) = I∈I λ F W I ( ; ) I satisfies the equations ∇ W λ κ 1 F W = 0 ∇ W λ κ N F W = 0 K W λ κ 1 F W = F W K W λ κ F W = F W then the V λ -valued function F V ( ; ) = 1 < Γ(( − − 1)/κ) Γ(( − + 1)/κ) I∈I λ F W I ( ; ) I satisfies the equations ∇ V λ κ 1 F V = 0 ∇ V λ κ N F V = 0 K V λ κ 1 F V = F V K V λ κ F V = F V 7.( − ) λ λ N =1 λ ( 1 −1+λ /2) −1 =1 N =1 (1) − −λ × −1 =1 − =1 ( ) +1 − +1 −2 =1 1 < − ( ) − ( ) 2 − =1 − −1 =1 ( ) − ( +1) −1 see [7, (16)].
gl weight functions
For I ∈ I λ we define the weight function ω I ( ; ), see [7, 14, 16] . 
where we set 1/( 1 − )( 2 − 1 ) · · · ( −1 − −2 ) = 1 if = 1. We define
Example.
Let N = 2, = 3, λ = (1 2), I = (I 1 I 2 ),
Then
Hypergeometric integrals
In the space C ( −1)/2 × C × C N with coordinates we consider the arrangement C of hyperplanes defined by equations
Denote by U the complement to the union of hyperplanes of the arrangement C. In the space C × C N with coordinates consider the arrangement of hyperplanes defined by equations
Denote by ∆ the complement to the union of hyperplanes of this arrangement.
Consider the projection π :
For every ( ; ) the arrangement C induces an arrangement in the fiber of π over ( ; ). Denote by U( ; ) the complement to that arrangement in the fiber. 1 ([7] ). 
By comparing (19) and (20), we conclude that the algebra of functions on the critical set of the master function is isomorphic to the algebra of quantum multiplication.
